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The reflection coefficients and inertial end corrections of several duct terminations, including finite
length duct extensions perpendicular to an infinite wall, as well as at a number of angles, curved
interface surfaces, and annular cavities, are determined and analyzed in the absence of flow by
employing the boundary element method. Predictions for the classical unflanged and flanged
circular ducts show good agreement with analytical and computational results available in the
literature. The predictions for curved interface surfaces~bellmouth or horn! are also consistent with
the available experimental data. In view of its high reflection coefficient, the duct termination with
an annular cavity may be suggested for the suppression of noise radiation in a specific frequency
band or for an effective wave reflection from the termination. ©2001 Acoustical Society of
America. @DOI: 10.1121/1.1348298#

PACS numbers: 43.20.Mv@ANN#
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I. INTRODUCTION

Part of the acoustic wave reaching a duct exit is reflec
back to the source and the remainder radiates into the
roundings, presenting a coupled phenomenon between
sound propagation in the duct and external sound radiatio
this boundary. The reflection and radiation characteristics
pend strongly on the geometry of duct termination. Thus,
reflection coefficient amplitude and the inertial end corr
tion ~or the complex reflection coefficient! of duct termina-
tion are the important parameters for the complete acou
analysis of duct system.

For an infinite circular duct without flange, Levine an
Schwinger1 presented an elaborate analytical derivation
the reflection coefficient and end correction in the absenc
mean flow. While the numerical results were given as
function of Helmholtz number,H[ka, the limiting value of
the end correctiond was determined to bed/a50.6133 as
H→0, with k being the wave number anda the duct
radius. Davieset al.2 provided empirical fits to end correc
tion of Ref. 1 asd/a50.6133– 0.1168H2 for H,0.5 and
d/a50.6393– 0.1104H for 0.5,H,2.

For a circular duct with an infinite rigid flange
Rayleigh3 obtained an approximate value of the end corr
tion asd/a50.824 22, while Daniell4 provided the bounds a
0.821 41,d/a,0.821 68 at zero frequency. This estima
was later recalculated by Nomuraet al.5 asd/a50.8217, by
Kergomard and Garcia6 as d/a50.261 53p50.821 62, and
by Norris and Sheng7 asd/a50.821 59. Nomuraet al.5 used
Weber–Schafheitlin integrals and Jacobi polynomials to
rive a coupled system of two infinite sets of linear equatio
for the unknowns, which are then solved numerically.
approximate expression,d/a50.821720.367H2, was pro-
vided by Peterset al.8 for H,0.5. Norris and Sheng7 also
presented an analytical approach for this configurati
While the method also involves numerical computation, o
a single set of equations needs to be solved for the m
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amplitudes in the duct. They implemented a rational funct
approximation to get the expressions for the reflection co
ficient and end correction of the flanged and unflanged du
Ando9 and Peterset al.8 included the effect of duct wal
thickness on the reflection coefficient and end correcti
Their studies have demonstrated that, as the thickness o
duct wall is increased, these two quantities vary between
limits of the unflanged duct and infinite flanged duct at low
Helmholtz numbers. Ando’s work has been reconside
later by Bernard and Denardo.10 Peterset al.8 also experi-
mentally investigated the reflection coefficient and end c
rection of a duct terminated by a horn with a radius of c
vature twice the duct diameter. Their measurements reve
d/a>2.3 for lowH, and an increasingd/a with increasingH
for H,0.3.

While the foregoing studies have provided informati
for some basic configurations, there remains a signific
need to determine the reflection coefficient and the end
rection for a number of other duct terminations that are f
quently encountered in practice. The objective of the pres
study is then to calculate and analyze these two quantities
a chosen set of duct terminations, including finite-length d
extensions~perpendicular as well as at an oblique angle
the wall!, bellmouthed interfaces, and interfaces with annu
cavities.

Following the Introduction, Sec. II provides the formu
lation for the calculation of reflection coefficient amplitud
and inertial end correction of duct termination, and Sec.
develops a numerical approach based on the subdom
boundary element method. The results from the predicti
are discussed in Sec. IV. The study is concluded with fi
remarks in Sec. V.

II. FORMULATION

The duct terminations considered in this study inclu
~1! a finite duct,~2! an extended duct from an infinite rigi
1304(4)/1304/8/$18.00 © 2001 Acoustical Society of America
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wall, ~3! a duct with bellmouth,~4! a duct with annular uni-
form cavity, and~5! a duct with annular step cavity. Assum
ing plane wave propagation in the duct, the acoustic lo
impedance of duct may be expressed as

Zl5
pl

rcn l
5

Zr cos~kl !1 j sin~kl !

jZr sin~kl !1cos~kl !
, ~1!

wherepl andn l are the acoustic pressure and velocity,r is
the density,c is the speed of sound,Zr is the equivalent
radiation impedance at the exit,k is the wave number,l is the
length of the duct, andj is the imaginary unit. Equation~1!
may be rearranged to solve forZr as

Zr5
Zl cos~kl !2 j sin~kl !

cos~kl !2 jZl sin~kl !
. ~2!

The complex reflection coefficientR at the exit of duct can
then be expressed in terms ofZr as

R52uRuexp~2 j 2kd!5
Zr21

Zr11
, ~3!

whered is the inertial end correction of the duct. Thus, on
Zl is determined, Eq.~2! givesZr and Eq.~3! the reflection
coefficient amplitudeuRu and the inertial end correctiond.
To evaluate the acoustic load impedanceZl that accounts for
the multidimensional waves, particularly in the neighbo
hood of duct exit, a subdomain boundary element appro
is developed, as described next.

III. NUMERICAL APPROACH

To employ the boundary element method in determin
the acoustic load impedance of the duct, the sound fiel
first divided into the internal and the external acoustic d
mains separated by the opening surface.

A. Internal acoustic domain

The internal domain may also be divided into seve
subdomains. For the internal domain or each subdomain
boundary integral expression is represented11 as

C~X!P~X!5E
G
FG~X,Y!

]P

]n
~Y!2P~Y!

]G

]n
~X,Y!GdG~Y!,

~4!

whereG is the boundary surface of the acoustic domain,n is
the unit normal vector onG directed away from the domain
the functionG(X,Y)5exp(2jkR)/4pR is Green’s function
of free space,R being the distance between any two pointsX
andY in the domain or on the surface, andC(X) is a coef-
ficient which depends on the position of pointX and may be
evaluated11 by

C~X!5E
G

]

]n S 1

4pRDdG~Y!. ~5!

A numerical solution of the boundary integral Eq.~4! can be
achieved by discretizing the boundary surface of the dom
into a number of elements. By using discretization and
merical integration, the following algebraic system of equ
tions is obtained11
1305 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
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@F#$P%5rc@G#$V%, ~6!

where@F# and @G# are the coefficient matrices, and$P% and
$V% are the vectors of sound pressure and outward nor
particle velocity at boundary nodes, respectively,rc is the
characteristic impedance of the medium. The boundaries
grouped into the inlet, opening and wall, represented by
subscriptsi, o, and w, respectively. Equation~6! combined
with the rigid wall boundary condition yields12

H Pi
d

Po
dJ 5rc@Td#H Vi

d

Vo
dJ , ~ for the duct!, ~7!

$Po
c%5rc@Tc#$Vo

c%, ~ for the cavity!. ~8!

Combining duct and cavity gives

H Pi
d

Po
i J 5rc@Ti #H Vi

d

Vo
i J , ~9!

where

$Po
i %5H Po

d

Po
cJ , $Vo

i %5H Vo
d

Vo
cJ ,

and

@Ti #5FTd 0

0 TcG
is the transfer impedance matrix between the inlet and op
ing for the internal acoustic domain.

B. External acoustic domain

For the full-space external sound field, the boundary
tegral expression is represented11 as

Ce~X!Pe~X!5E
G
FG~X,Y!

]Pe

]n
~Y!

2Pe~Y!
]G

]n
~X,Y!GdG~Y!, ~10!

Ce~X!512E
G

]

]n S 1

4pRDdG~Y!. ~11!

Similar to the formulation of internal acoustics, discretiz
tion and numerical integration of Eq.~10! lead to the follow-
ing algebraic system of equations:

@Fe#$Pe%5rc@Ge#$Ve%. ~12!

The boundaries are grouped into the opening and wall, r
resented by subscriptso and w, respectively. Equation~12!
combined with the rigid wall boundary condition yields

$Po
e%5rc@Te#$Vo

e%, ~13!

@Te# being the radiation impedance matrix for the extern
acoustic domain.

For the external acoustic domain with duct extens
from an infinite rigid wall, the boundary integral equatio
can be written11 as
1305Selamet et al.: Reflections from duct terminations
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Ce~X!Pe~X!5E
Gw1Go

FGH~X,Y!
]Pe

]n
~Y!

2Pe~Y!
]GH

]n
~X,Y!GdG~Y!, ~14!

whereGw is the wall of extended duct from the infinite wal
Go is the opening,

GH5
exp~2 jkR!

4pR
1

exp~2 jkR1!

4pR1

is the half-space Green’s function,R1 being the distance be
tweenY and the image point ofX with respect to the flange
and

Ce~X!512E
G

]

]n S 1

4pRDdG~Y!, ~15!

G being the total boundary of the duct extended from
infinite wall. Similar to the full-space problem, the acous
radiation impedance matrix@Te# for this case can be ob
tained by using discretization and numerical integration
Eq. ~14!. For the limiting case of no-extension~a duct with
infinite rigid flange!, the sound pressure at the opening m
be expressed as

Pe~X!5E
Go

Fexp~2 jkR!

2pR

]Pe

]n
~Y!GdG~Y!. ~16!

Similarly, the acoustic radiation impedance matrix@Te# for
the semi-infinite external acoustic domain can also be
tained by using discretization and numerical integration
Eq. ~16!.

C. Coupling

At the opening, the solution should satisfy the continu
conditions of sound pressure and particle velocity:

$Po
e%5$Po

i %, ~17!

$Vo
e%52$Vo

i %. ~18!

Combining Eqs.~9! and ~13! with the continuity conditions
~17! and ~18! yields the acoustic load impedance as

Zl5@T11
i 2T12

i ~T22
i 1Te!21T21

i #. ~19!

FIG. 1. Unflanged finite duct.
1306 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
e

f

y

-
f

FIG. 2. Unflanged finite duct:~a! reflection coefficient and~b! end correc-
tion.

FIG. 3. Duct extended from an infinite rigid flange.
1306Selamet et al.: Reflections from duct terminations
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FIG. 4. Duct extended from an infinite rigid flange:~a! reflection coefficient
and ~b! end correction.

FIG. 5. Duct at an angleu extended from an infinite rigid flange.
1307 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
IV. RESULTS AND DISCUSSION

First, the effect of length of an unflanged finite du
~Fig. 1! on the reflection coefficient and end correction
examined. Figure 2 shows the numerical predictions of
flection coefficient and end correction for four different du
lengths ~l/a50.5,1.0,2.0,3.0!. For a duct withl /a.2, the
results illustrate that the effect of duct length on these t
quantities becomes negligible in the region ofH,3, and the
present predictions agree with the analytical results of
vine and Schwinger1 for the classical configuration of th
infinite duct without flange.

The effect of duct extensionl e from the infinite rigid
wall ~Fig. 3! on the reflection coefficient and end correctio
is shown in Fig. 4. The finite extension introduces an
cillatory behavior on both quantities as a function ofH due
to the presence of an infinite rigid wall. The period of osc
lations in H may be crudely~via a one-dimensional argu
ment! related to two subsequent quarter wave resonances
tween the duct opening and the infinite rigid wall leading
DH>p/@( l e1d)/a#. As expected, the oscillatory behavio
diminishes asl e /a becomes large. For the limiting case
no-extension~l e /a50, flanged duct!, the present predictions
of the reflection coefficient and end correction are in go
agreement with the available literature~Rayleigh,3 Daniell,4

FIG. 6. Duct at an angleu545° extended from an infinite rigid flange:~a!
reflection coefficient and~b! end correction.
1307Selamet et al.: Reflections from duct terminations
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Nomura et al.,5 Kergomard and Garcia,6 and Norris and
Sheng7!. The present predictions in Fig. 4~b! for l e /a50
agree very well with Fig. 7 of Nomuraet al.5 to the degree
that the two sets of results cannot be distinguished from e
other over 0,H,3.0, including, for example, a specifi
value ofd/a50.821 forH50.05.

The predictions for the reflection coefficient and e
correction for a duct extension from an infinite rigid wa
with an oblique angle ofu ~Fig. 5! are shown in Fig. 6 for
u545°. Similar to the duct extension with 90° angle, t
oscillatory behavior is observed again. Figures 7 and 8 c
pare the reflection coefficients and end corrections for,
spectively, the unflanged and flanged ducts withl e50 and
u530°,45°,60°,90°. At higher Helmholtz numbers ducts w
largeru provide, in general, higher reflection coefficients.
view of the definition ofd in Fig. 5, a reduction on the orde
of radius may be anticipated foru545° ~relative tou590°!
at low Helmholtz numbers as shown in Fig. 7. Note thatH
<1.8 in Figs. 6–8 to remain below the first diametral mo
~1,0!.

The acoustic characteristics of a duct with bellmou
~Fig. 9! are examined next to understand the effect of rad
of curvature on the reflection coefficient and end correcti
The latter is defined relative to the end of the straight sec
of the duct, consistent with Peterset al.8 Figures 10 and 11

FIG. 7. Unflanged ducts withu530°,45°,60°,90°: Comparison of~a! reflec-
tion coefficient and~b! end correction.
1308 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
ch

-
-

s
.
n

depict the computed results for these two quantities for fi
different radii of curvature~r/a50.5,1.0,2.0,3.0,4.0!, and
without and with an infinite flange, respectively. Wit
increasing radius of curvature, the reflection coefficie
decreases and the end correction increases. For the sp
case ofr /a54, the present predictions agree with the expe
mental results of Peterset al.8 who determinedd/a>2.3 at
low values ofH. For this special case atH50.025, for ex-
ample, the predicted numerical values ared/a52.322 and

FIG. 8. Flanged ducts withl e50 andu530°,45°,60°,90°: Comparison o
~a! reflection coefficient and~b! end correction.

FIG. 9. Ducts with unflanged and flanged bellmouth.
1308Selamet et al.: Reflections from duct terminations
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d/a52.369 for Fig. 10~b! and Fig. 11~b!, respectively. The
differences in these configurations beyond the radiused
do not have a significant impact on the end correction
low H. In comparison with the straight duct, the duct wi
bellmouth leads to much lower wave reflection at high
Helmholtz numbers. Thus the bellmouth with large radius
curvature should be avoided, for example, at the exhaust
in order to promote effective pressure reflections from
termination for noise control. Figure 12 shows the effect
curved interface with the radiused length subtracted from
end correction, transforming the dimensionless end cor
tion to (d2r )/a. Such manipulation essentially shifts th
reference point for end correction to the very end of the d
~end of bellmouth section!. Relative to the end of the curve
duct, Fig. 12 then suggests that a duct with a large-rad
termination, such asr /a54, will appear to be shorter tha
the actual total length when the end correction is incor
rated.

Finally, ducts with annular cavities~unflanged and
flanged! are considered as shown in Fig. 13 with a const
cross section and Fig. 14 with a step transition. The co
puted results for the reflection coefficient and the end cor
tion are compared in Fig. 15 forl c /c54 andc/a51/2. The
results with cavities here may be contrasted with the du
alone of Figs. 2 and 4. As a result of the interaction of wa

FIG. 10. Duct with unflanged bellmouth:~a! reflection coefficient and~b!
end correction.
1309 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
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reflected from attached cavities with those radiated from
opening, it is important to note that~1! the behavior of re-
flection coefficient changes dramatically including the ad
tional peaks, therefore the sound radiation may be s
pressed effectively in a specific frequency band, and/or~2!
the pressure wave reflections from the termination back
the duct would be strengthened. Compared to the unifo
cavity, the step cavity moves the first additional peak to
higher Helmholtz number, and the second peak to a lo
Helmholtz number. The high reflection coefficient, in a sp
cific frequency band, of duct with annular cavity may b
used to compensate the low attenuation in the correspon
frequency region of a silencer, therefore an improved aco
tic attenuation performance may be obtained. Similar beh
ior can possibly be utilized to promote stronger press
wave reflections from the opening, thereby providing mec
nisms to manipulate engine tuning.

V. CONCLUDING REMARKS

This study has shown the effect of duct termination g
ometry on the reflection coefficient and the inertial end c
rection by employing the subdomain boundary element
proach. These two quantities were determined and analy
for ~1! an unflanged finite duct,~2! a duct extended from an
infinite rigid wall, ~3! a duct extended with an angleu from

FIG. 11. Duct with flanged bellmouth:~a! reflection coefficient and~b! end
correction.
1309Selamet et al.: Reflections from duct terminations
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an infinite rigid wall, ~4! ducts with unflanged and flange
bellmouth, and~5! ducts with unflanged and flanged annu
cavities. The effect of flow, which was well established
the literature for certain configurations~see, for example, Pe
terset al.8!, as a function of Mach and Strouhal numbers w
excluded from the study. Instead, the current work has c
sen to concentrate on quantifying the impact of interface
ometry which has not been investigated in detail with
exception of limiting cases. For unflanged configurations
finite duct with l /a.2 exhibits similar acoustic characteri

FIG. 12. (d2r )/a for ducts with~a! unflanged bellmouth and~b! flanged
bellmouth.

FIG. 13. Ducts with unflanged and flanged annular uniform cavity.
1310 J. Acoust. Soc. Am., Vol. 109, No. 4, April 2001
s
o-
-

e
a

tics to an infinite duct at low Helmholtz numbers. The du
extension from an infinite rigid wall introduces an oscillator
behavior in the reflection coefficient and end correction ne
the baseline unflanged duct due to the interaction of wa
reflected from the infinite wall and those radiated from th
duct opening. Within about a diameter-distance from t

FIG. 14. Ducts with unflanged and flanged annular step cavity.

FIG. 15. Ducts with unflanged and flanged annular cavity withl c /c54 and
c/a51/2: ~a! reflection coefficient and~b! end correction.
1310Selamet et al.: Reflections from duct terminations
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wall, the acoustic behavior of the two quantities approac
that of an unflanged wall with the exception of oscill
tions. The oblique duct extension from an infinite rig
wall, in general, decreases the reflection coefficient o
duct at higher Helmholtz numbers as compared to
perpendicular extension. The bellmouth interface redu
the reflection coefficient significantly at higher Helmho
numbers. The duct termination with cavity influences e
correction and introduces additional peaks in the reflec
coefficient and may be used for the suppression of no
radiation, or to promote effective wave reflection from t
open end.
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